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Lecture 21

Rotations of a Rigid Body.g y
Moment of inertia

Review of circular motion

;        ;           d d
dt dt
θ ωθ ω α= =

v Rω=Relation to 
linear quantities: s = Rθ

Description in terms 
of angular quantities 
(in radians!):

tana Rα=

θ

y

x
s

R

Centripetal acceleration

2
2

c
va R
R

ω= =
atan

ac

atotal

Angular velocity

Example: A rod on the plane of the page 
rotates about an axis through one of its 
ends at 0.25 rpm. If the initial position is 
as shown, what is its position at t = 1 min? t = 0

This?

We need to indicate whether the 
m ti n is CW  CCW! Or this?motion is CW or CCW!

Angular velocity ω :

• Magnitude 

• Direction: perpendicular to the plane of 
motion and in the direction given by the RHR.

d v
dt R
θω = =

The right-hand rule (again)

• Curl fingers of right hand in the direction of motion.

• Stick thumb out. This is the direction of angular 
velocity

ωω ω

CCW from above CW from above

ω
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ACT: Wall clock

ω ω

ω ω

r r

r r

Let  and  be the angular velocities of the
large and the small handles of the wall clock in 
this room. What is the direction of the 
difference  - ?

SL

S L  SLω ω>

A. Into the wall.

B. Out of the wall.

C. Nothing, it’s zero.

Both  and  point
into the wall.

SLω ωr r

Sω
r

Lω
r

S Lω ω−r r

Angular acceleration
Angular acceleration α :

• Magnitude 

• Direction: perpendicular to the plane of 
motion  parallel (antiparallel) to ω if the system 

tanad
dt R
ωα = =

motion, parallel (antiparallel) to ω if the system 
is speeding up (slowing down).

ωα
Speeding up

ωα

Slowing down

When the plane of rotation is constant, we can 
always choose that plane to be the xy plane.

ωα

z

Then, all that matters is the sign of ωz and αz.

ωα

z

x

y

ωz > 0; αz > 0

Speeding up

x

y

ωz < 0; αz < 0

Speeding up

ACT: Angular acceleration

A ball rolls across the floor and then starts up a ramp as shown 
below. In what direction does the angular acceleration vector 
point when the ball is on the ramp?

A. Down the ramp B. Into the page

C  Out of the pageC. Out of the page

ω

ω

ω is into the page

Ball is slowing down
α is out of the page
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Rigid bodyRigid body

A rigid body is a system where internal forces hold 
each part in the same relative position.

Motion which a rigid body:

* Motion of the center of mass -in response to 
an external force.
* Rotations about the CM. 

Or

* Rotations about a fixed axis

Energy of Rotational MotionEnergy of Rotational Motion

∑
=

=
n

i
iivmK

1

2
2
1

tot

Consider a rigid body being rotated around an axis parpendicular to the 
page and through point P. The body can be broken down into n particles.

m1v1n r1

Perpendicular distance between 
the axis and the particle

ωrv =

m2
m3

P
v3

v2

ω
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⎠
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⎜
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rotational ωIK =Moment of inertia
(about this axis): ∑

=
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n
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Moment of Inertia
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⎠
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The moment of inertia is to rotation what mass is to 
translation

Units: kg m²

DEMO: 
Bars

translation.

→ Indicates how hard it is to rotate an object.

It depends on the position and orientation of the axis.

Large I

ω

Small  I

ω

Example: Moment of inertia of a square of side L made with four 
identical particles of mass m and four massless rods.

a. For rotations about an axis perpendicular to the square, through 
the center of the square.

m m
Perpendicular distance between 
each mass and the axis: 

r

mm
Axis

L
2

2
r L=

r

2
24

2
I m L

⎡ ⎤⎛ ⎞
⎢ ⎥= ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

22mL=
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Example: Moment of inertia of a square of side L made with four 
identical particles of mass m and four massless rods.

b. For rotations about an axis in the plane of the square, through the 
center of the square.

m m

Axis
Perpendicular distance between 
each mass and the axis: r

mm

L 2
Lr =

2

4
2
LI m

⎡ ⎤⎛ ⎞= ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

2mL=

Example: Moment of inertia of a square of side L made with four 
identical particles of mass m and four massless rods.

b. For rotations about an axis in the plane of the square, through one 
side of the square.

m m

Axis

        for two of the particles;r L=

Perpendicular distance between 
each mass and the axis: r

mm

L
0        for the other two.r =

22 0I mL⎡ ⎤= +⎣ ⎦

22mL=

Recap:
Example: Moment of inertia of a square of side L made with 
four identical particles of mass m and four massless rods.

m m

m

Axis
L

mm

Axis

L

m m

Axis
L

22I mL=

mmmm

2I mL=

mm

22I mL=

The moment of inertia depends on the position and 
orientation of the axis.

ACT: Triangle

Three identical balls are connected with three identical, 
rigid, massless rods. The moments of inertia about axes 1, 
2 and 3 are I1, I2 and I3. Which of the following is true?

A.  I1 > I2 > I3 1 m

B.  I1 > I3 > I2 

C.  I2 > I1 > I3 

3

2

I1 = m(2L)2 + m(2L)2 = 8mL2

I2 = mL2 + mL2 +  mL2 = 3mL2

I3 = m(2L)2 = 4mL2

L
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Continuous Mass Distribution

Break the object into infinitesimal 
masses dm and do an integral:  

2I r dm= ∫
EXAMPLE: Uniform rod of length L and mass M for rotations about 
the perpendicular axis through its center. 

Density:  M
L

λ =
dxλ=

x

dm

dx

= 21
12

ML

Note: It’s the same for a rectangle! Width did not play any role.

= ∫ 2I x dm λ
−

= ∫
2

2

2

L

L

x dx λ
⎡ ⎤⎛ ⎞ ⎛ ⎞= − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

3 31
3 2 2

L L λ=
3

12
L

=
3

12
M L
L

Some other important moments of inertia

Solid sphere of mass M and radius R, 
about the axis through its center: 

22
5

I MR=

Solid disk (or cylinder) of mass M and 
radius R, about the perpendicular axis 
through its center: 

21
2

I MR=

More: See book or formula sheet.

Parallel-axis theorem

The moment of inertia of a system for an axis parallel to 
another axis that goes through the center of mass is:

2
CMparallelI I Md= + d = distance between both axes.

EXAMPLE: Rod of mass M and length L about the axis through one end:

Axis A d = L/2

2
axis A axis CMI I Md= +

2
21

12 2
LML M ⎛ ⎞= + ⎜ ⎟

⎝ ⎠
21

3
ML=

Axis through CM

2
axis CM

1
12

I ML=

Back to the kinetic energy:

2
2
1

rotational ωIK =

Everything we already know about energy is still 
true!

• Conservation of energy

• Work-kinetic energy theorem

• …
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Example: Real pulleyExample: Real pulley

Two 3.0-kg boxes is attached to a light rope that passes 
over a pulley (uniform disk of 2.0 kg, radius 20 cm) as 
shown below. There is no friction between the pulley and 
its axis or between the box and the table. The system is 
released from rest. Find the speed of box B when it has p
fallen 1.5 m.

pulley

B

A

Two 3.0-kg boxes is attached to a light rope that passes over a pulley (uniform 
disk of 2.0 kg, radius 20 cm) as shown below. There is no friction between the 
pulley and its axis or between the box and the table. The system is released from 
rest. Find the speed of box B when it has fallen 1.5 m.

pulley

B

Apulley

B

A

h

M, R 

m 

m m = 3.0 kg

M = 2.0 kg

R = 20 cm

h = 1.5 m

The net work is due to the weight of box B, so E is 
conserved.

trans,A trans,B rot,pulley0 0mgh KE KE KE+ = + + +

Bh

2 2 2 21 1 1 1
2 2 2 2

mgh mv mv MR ω⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

Two unknowns 
(v, ω)!

If the string does not slip on the pulley, the blue point 
(on the edge of the pulley) and the red point (on the 
string) move together:

vred = v (of the boxes)

vblue = Rω

No slipping:  v = Rω

trans,A trans,B rot,pulley0 0mgh KE KE KE+ = + + +

1 1 1 1⎛ ⎞

pulley

B

AM, R 
pulley

B

A

m 

m 

h

m = 3.0 kg

M = 2.0 kg

R = 20 cm

h = 1.5 m

= =
+

24(3.0 kg) (9.8 m/s )(1.5 m) 3.5 m/s
4(3.0 kg) 2.0 kg

2 2 2 21 1 1 1
2 2 2 2

mgh mv mv MR ω⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

4
4

mv gh
m M

=
+

2

2  
2 2

v Mmgh m⎛ ⎞= +⎜ ⎟
⎝ ⎠

no slipping:  R vω =
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ACT: Pivoting rodsACT: Pivoting rods

Both systems can pivot about one end, and they are released from 
the horizontal position. Use conservation of energy to determine 
which system is moving faster when it reaches the vertical position.

L L
1: Uniform rod of mass M 2: Massless rod and ball of mass M

x x

A. System 1 B. System 2 C. Same for both

1: Uniform rod of mass M 2: Massless rod and ball of mass M
L L

x xCMx

x

∆h

x

x

∆h

2
1

1
3

I mL=
2

2
2

1
2 4
LI m mL⎛ ⎞= =⎜ ⎟

⎝ ⎠

Same gravitational 
potential difference 
(same  ∆h)

2

Same final
1
2

KE Iω=

1 2I I>
+ 1 2ω ω<

Motion of a system of particles
Motion of a system of particles can be broken down to:

1. Motion of each particles relative to the CM

2. Motion of the CM relative to the lab

In particular, for the kinetic energy:

∑= vmK 21 ∑ += vvm 2)(1 rr
∑=

i
iivmK lab,labsystem, 2 ∑ +=

i
ii vvm labCM,CM, )(

2
2

labCM,labCM,CMi,
2
CMi, 2

12
2
1

2
1 vmvvmvm

i
i

i i
ii ⎟

⎠

⎞
⎜
⎝

⎛
+⎟

⎠

⎞
⎜
⎝

⎛
+= ∑∑ ∑ rr

2
labCM,

2
CMi, 2

1
2
1 Mvvm

i
i∑ +=

0CMCM,CMi, ==∑ vMvm
i

i
rr

Velocity of the CM relative to the CM labCM,CMsystem,labsystem, KKK +=

labCM,CMsystem, KK +=

Rotation & Translation

For any complex system: labCM,CMparts,labparts, KKK +=

For a rigid body, the motion of the parts relative to the 
CM can only be rotation:

2
CM

22
CMi

2
CMiCMparts 2

1
2
1

2
1 ωω IrmvmK ii =⎟

⎠

⎞
⎜
⎝

⎛
== ∑∑ CMCMi,CMi,CMparts, 222 i

i
i

i
⎠⎝

∑∑

naltranslatiorotationaltotal KKK +=

Thus the motion of a rigid body is:

2
CMrot 2

1 ωIK =

rotation about the 
center of mass:

2
CMtrans 2

1 MvK =

translation of the 
center of mass+
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EXAMPLE: Cylinder rolling down an incline

A cylinder of mass M and radius R is placed at rest on top 
of an incline of height h and angle θ with the horizontal.

If the cylinder rolls without slipping, what is its speed 
when it reaches the bottom of the incline?

v0 = 0

v ?h

θ

CM

First: What is “rolling without slipping”?

Length s And this is also s!

Then this is also s

Rotated arch: s = RΔθ
Displacement of the CM: ΔxCM= s = R Δθ

CMx R θΔ = Δ d
dt

CMv Rω=
d
dt

CMa Rα=

Only conservative forces (weight) are doing work, so 
mechanical energy is conserved.

top

2 2
bottom

0
1 10
2 2

E Mgh

E Mv Iω

= +

= + +

KErotational

v0 = 0

v ?h

θ

KEtranslational

Only conservative forces (weight) are doing work, so 
mechanical energy is conserved.

top

2 2
bottom

0
1 10
2 2

E Mgh

E Mv Iω

= +

= + +

2 21 1
2 2

M g h M v I ω= +

Rolling without 
slipping: v = Rω

2
21 1

2 2
vMgh Mv I
R
⎛ ⎞= + ⎜ ⎟
⎝ ⎠

2
2

1
2

IMgh M v
R

⎛ ⎞= +⎜ ⎟
⎝ ⎠

sl pp ng  v  Rω

=
+ 2

2

1

ghv I
MR

2
cylinder

1
2

I MR=

= = =
+

2 4 1.1551 31
2

ghv gh gh
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What if it is not a cylinder, but a solid sphere of mass M 
and radius R?

=
+ 2

2

1

ghv I
MR

2
sphere

2
5

I MR=

= = =
+

2 10 1.1952 71
5

gh gh gh

Or a hollow cylinder of mass M and radius R?

2

2

1

ghv I
MR

=
+

= 2
sphereI MR

= =
+

2
1 1

gh gh

DEMO:              
Three different 

objects down a ramp


