Lecture 20

Center of Mass

ACT: Newton's craddle

Consider a row of adjacent steel-ball pendula. If two
balls on the left are pulled to a certain height 4 and
released, what happens?

A. One ball rises on the right, but higher than A.

@ balls rise on the right to heigD

C. A ball rises on each side to height 4 (i.e., one of the
initial balls bounces back)

A. One ball rises on the right, but higher than A.

We could have 2mv; = mv;, so v; = 2v;,
But then kinetic energy would not be conserved:

KE = 23mv2 = mv?
B. Two balls rise on the right at height A.
2mvi=2mv;, S0 v = v,
KE =2 3mv? = mv?

KE:= zmvi? = 2mv?

KE:= 2 3mv?= mv? Okl

C. A ball will rise on each side to height A

(i.e., one of the initial balls bounces back) ol

Same height means |v|= ||. But this violates

conservation of momentum: DEMO: Newton's
pi=2my pr=mvi-mvi=0 craddle

Example: Elastic collision

What is the velocity of each block if the collision is
elastic?
v =10 m/s
Before —

wn=20m/s

.2.0m/s, 10 m/s

.5.3m/s, 2.7 m/s
.-5.3m/s, 2.7 m/s
.-3.3m/s, 2.7 m/s
.-3.3m/s, 47 m/s

m o O © >




v, =10 m/s v, =2.0m/s
Before [1kg —

After [ EERE-——

my; + My, = My + myv, 10+10 =v/ +51
—_—>
- =-(¥-v) 10-2=-(v-v)

2
20-5v=v,-8 ———— V2'=?8=4.7 m/s

V=v,-8 —> ¥®=-33m/s

Answer: E

v, =20-5y,
vi=v,-8

Example: Ballistic pendulum

Let's go back to the bullet and block example...

Protal, initial = MV+ 0

—_ mv=(M+m)v’

pfoml, final = (M + m)vl

., om
M+m

v

At rest

Before

v’ After

Now we'll do the same thing with the block hanging
from two strings of length L.

IL
m Before
> [l

rest

After

I L-h
After after




Between "before” and “after”, the collision is
exactly the same as for the block on the table.

Between “after” and “after-after”, momentum is not
conserved (£, # 0). But only conservative forces
are doing work, so £is conserved.

2
IL %(M+m)v’2+0:0+(M+m)_qh —>/7:;g
m Before i om ¥
— ~ e
rest 2g\M+m
V(m )L, e L
After Note that (M +m)gh = 2(M+m]72mv 1+ﬂ <=mv
m
' v’ (some energy is lost in the collision)
After After after
Linear momentum ., m IL—/v
is conserved. ? v = M+m v
M v’ M+
ACT: Ballistic pendulum Center of mass
The projectile is a ball with two sides. One is smooth and The real-world is not made of point-like objects...
the other has two spikes, so the ball sticks to the wooden What is the "position" of tended object?
block. In which case will the block move higher? aTis The "position” of an exfendec object?
Larger . TS
A. When the smooth side For qsysfem.of nparticles at positions 7, 7 , — —
impacts the block momentum efc, the position of the center of . xmii xmf;
) tranfer Mass of the system is defined as the fim = Z m = M
B. When the spikes side average of all the position weighted with d

impacts the block.

C. It's the same in both It's the same as
cases. the bowling pin

pemo: A ACT!
Ballistic
pendulum

the masses of the particles: /

Another example of a weighted average:

If a course grade is 4/10 midterm grade and 6/10 final grade, and you get the following
scores:

Midterm: 50/100
Final: 100/100

4 cq0 . 61009 _ 20
course grade = 550/0 "0 100% = 80%




EXAMPLE: Two masses:

m L1 m,

The CM is always in the line
between the two particles, and

And... the position of the CM is

;oo matmh independent of the reference
“omam frame.
_(m+m—m)ri+mp,
m+m
— i (5 -F) 0<—"" <1
m +m, m+ m

Continuous mass distributions

closer to the more massive one.

Sum over

particles > [Integrals

Break the object down Y &
to infinitessimal dm- r
X
- _fra’m _fra’m
r = =
cm J’dm M

Some basic properties of the CM

CM somewhere
Use symmetry! along this line

The CM need not be )
inside the object!

For a system composed of many
shapes or parts, first condense —  eCM

each part to its CM and then treat
each CM as a pointlike particle

1kg 1kg

ACT: Two disks

The disk shown in figure 1 is uniform and has its CM at
the center. Suppose the disk is cut in half and its
pieces arranged as shown in figure 2.

Where is the CM of (2) compared to the CM of (1)?

CM of top half

. X :
Fig. 2
Fig. 1 M M X 9
- X CM of
bottom half

B. Lower. C. At the same level.




Velocity of the CM

Acceleration of the CM

o Xmi 2y, xmy; 2.mg,
PG Vem = =T T |G = M
Rearrange the expression: Also:
Rearrange the expression: Ma,, = ma, + ma, +--- H"Hﬁ[ Eooe = Ma,,
Mzm:mla+m2‘72+..'+m”‘7” /5» M_' :/:n.a‘r,1+ na‘r,2+'”+ﬁetn =M7ddl7£m
A4 5 =My, . _dt
- pl + pZ ot p” total cn 7\: Fr:et external dlpm,m,
— /5 Internal forces T odt
total come in 3rd law = _ -
Ezirrs and cancel Fr:e'l' oxt = /Mac,,, We already knew that...
Motion of the CM Trajectory of the CM
When a shell explodes, the CM keeps moving along
— — the parabolic trajectory the shell had before the
PToTaI = /Mch /:'ew(;r = /Mam explosion.

The CM is a good "representation” of the extended object.

Internal forces among the parts may change the velocities
and accelerations of the parts, but the velocity of the CM
of a system remains constant unless it is acted on by an

external force.

Conservation of

linear momentum

Constant velocity of
center of mass

i

4

M
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EXAMPLE: Running on a plank &
CMan (D
A 75-kg man is standing on a 100-kg plank m””@ 9 Mygien
that is 4 m long. The plank is at rest ona U ) ®
frozen lake. The man starts running on the o
plank at 5 km/h (relative to the plank).
a. How much does the man move_relative to ‘f‘)
the ice? /? _ CM.ytem @’CMmun
;r & O 4
b
é - 4 CMpIanL
N
The center of mass of the system does not move.
¥ 75k
o\ I xpy = 12204100x2 200, 0 ) A 75-kg man is standing on a 100-kg plank
g’( 175 175 that is 4 m long. The plank is at rest on a
¢~ 7 M,y 100 kg frozen lake. The man starts running on the
I & qﬁ X plank at 5 km/h (relative to the plank).
x=0 x=2m
& 75 +100(d - 2) b. What is the speed of the man relative to
O\ W= 75 the ice? &
dJ p DEMO: R
|<— ® 5 | s Truclronl S
3 glass
] f X $
0x=d2 x=d é 'f,\/
I

75d +100(d -2) =200 d=23m




-Mv

plank,ice

=0 = v

plank,ice

Vomice =0 = mv,

man,ice

Vinan,ice = Vinan plank ™~ Vplank ice

m
Vinanjjce = Vman,plcnk - ﬁvman,icz

Vmunlplunk 5 km/ h

Vman,ice = . ﬂ = " 75 kg =29 km/h
M 100 kg
m
{;{‘ i
a\ =

m
“u Vinan,ice




