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Lecture 2

Vectors.

What is a vector?What is a vector?

• A scalar quantity is one that is represented 
by a single number. (Eg: Mass, length, time, 
temperature, volume.)

• A vector is a quantity which has both magnitude 
and direction. (Eg: Displacement, velocity, force.)

Direction: something like “Makes an angle of 36°
with the horizontal as measured CCW”

Notation: A or A (or A)

Magnitude (how long): |A| or A

• Equal vectors: Moving from P to Q, and from R to S:

x Qx Q

P x P x 
x Sx S

R x R x 

AA

BB
A = B

Vector basics

x Qx Q

P x P x 

AA

--AA

•Opposite vectors: Moving from P to Q, and from Q to P.

•Unit vector (Â): magnitude equals one. A= A Â

Vector addition: Moving from P, to Q, to R

x Qx Q

P x P x 

x Rx R

AA

BB

CC

AA

BB C =A-BCC

C =A+B

Vector subtraction: It’s an addition!

A−B = A +(− B)

Visually: What do I 
have to add to B to 
get A?
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ACT: Vector additionACT: Vector addition

All the vectors below have the same magnitude. Which of 
the following arrangements will produce the largest 
resultant when the two vectors are added?

1.                  2.                   3. 

ComponentsComponents

A vector can be thought of as the vector-sum of the 
projections along the coordinate axes. 

x

y

A

Ax

Ay

( )x y zA A A A= + +

Cartesian unit vectors and componentsCartesian unit vectors and components

Some special unit vectors:

Any vector can be written in terms of these basic unit vectors:

kAjAiA

AAAA

zyx

zyx

ˆˆˆ   ++=

++=

i

j

k

^

^

^
x

y

z

A CARTESIAN COMPONENTS

Another notation:

A=(Ax,Ay,Az)

kji ˆ,̂,̂

Polar Components (only 2D)Polar Components (only 2D)

Magnitude |A| and direction θ

θ
θ

sin||
cos||

AA
AA

y

x

=
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

+=

x

y

yx

A
A
AAA

arctan

|| 22

θ

θ

A|A|

angle θ taken counterclockwise from the x axis
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Vector addition in terms of componentsVector addition in terms of components

• Geometric: 

A

BC A+B=C

• Algebraic:  Ax+Bx=Cx
Ay+By=Cy
Az+Bz=Cz

i.e., do all the walking in the x-
direction first, then all the 
walking in the y-direction, etc.

Scalar (dot) productScalar (dot) product

θcos|||| BABA =⋅

A

B
θ

NoteworthyNoteworthy

Parallel vectors 
ABBA =⋅

0=⋅BA
Perpendicular vectors

ABBA −=⋅

Antiparallel vectors 

2A A A= ⋅

Magnitude of a vector 

NoteworthyNoteworthy

projected in the direction of AA B AB⋅ =

B
θ A

B cosθ

( )cosA B A B θ⋅ = projected in the direction of AAB=

= Bproj on A

projected in the direction of B      BA=

The dot product selects the part of B
that is in the direction of A.
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Dot product in Cartesian componentsDot product in Cartesian components

zzyyxx BABABABA ++=⋅

ˆ ˆˆ ˆˆ ˆ( ) ( )x y z x y zA B A i A j A k B i B j B k⋅ = + + ⋅ + + =

( ) ( )ˆ ˆ ˆˆ ...x x y xA B i i A B j i= ⋅ + ⋅ +

1 0

Angle Between VectorsAngle Between Vectors

We can use the dot product to determine the angle 
between two vectors:

θcos|||| BABA =⋅ ||||
cos

BA
BA ⋅

=θ

A

B

θ

ExampleExample

Find the angle between A = (2,-5,0) 
and B = (4,-1,3)

2 2 2 2 2 2

1

2 4 ( 5)( 1) 3 0 13cos
7542 ( 5) 0 4 ( 1) 3

13cos 61.7
754

A B
A B

θ

θ −

⋅ ⋅ + − − + ⋅
= = =

+ − + + − +

⎛ ⎞
= =⎜ ⎟

⎝ ⎠

Example: Dot product 

Which pair of vectors will have the largest value for A·B?

a
A

B
c

A

B

|A|=|B|=5 |A|=|B|=5

b
A

B

|A|=|B|=5

60°

d
A

B
|A|=|B|=3

30° e
A
B

|A|=|B|=3

10°

A·B = 0

A·B = 25 cos60 = 12.5

A·B = 0

A·B = 9cos30 (< 9 < 12.5) A·B = 9cos10 (< 9 < 12.5)
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Vector (or cross) productVector (or cross) product

is a vector with:

• Magnitude: sinA B AB θ× =

θ

A B×

The vector or cross product between two vectors 

A

B
A B×

• Direction: Perpendicular to both A and B and as 
given by the right-hand rule.

RightRight--hand rulehand rule

A

B

A×B

A×B   B

A×B   A

A

B

A×B

= out of the page

× = into the page

A×B

B

A
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  is a vector!   (  is a scalar)A B A B• × ⋅

 A B B A• × = − ×

 0A A• × =
ˆ ˆˆ ˆ ˆ ˆ 0,     0,     0

ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ  ,     ,     

i i j j k k

i j k j k i k i j

• × = × = × =

× = × = × =

Noteworthy
ˆ ˆˆ ˆˆ ˆ( ) ( )x y z x y zA B A i A j A k B i B j B k× = + + × + + =

Cross product in cartesian components:

ˆˆ ˆ( ) ( ) ( )y z z y z x x z x y y xA B A B A B i A B A B j A B A B k× = − + − + −

ˆˆ ˆ

x y z

x y z

i j k
A A A
B B B

=

ˆ ˆ ˆ ˆ( ) ( ) ...x x x yA B i i A B i j= × + × + =

k̂0


